of five superalgebras consisting of a commutative superalgebra, the infinite dimensional Grassmann algebra and the algebra of 2 × 2 upper triangular matrices with trivial and natural Z 2 -gradings.
It is well known (see [16] ) that if A satisfies some non-trivial polynomial identity and, so, V = var( A) is a proper variety, then the sequence of codimensions of V is exponentially bounded, i.e., there exist constants α, a > 0 such that c n (V) αa n for all n. Kemer in [8, 9] characterized those varieties with a polynomially bounded codimension sequence as follows.
Let G be the infinite dimensional Grassmann algebra over F and UT 2 the algebra of 2 × 2 upper triangular matrices over F . Then c n (V), n = 1, 2, . . . , is polynomially bounded if and only if G, UT 2 / ∈ V. Hence var(G) and var(UT 2 ) are the only varieties of almost polynomial growth, i.e., they grow exponentially but any proper subvariety grows polynomially.
From his description it follows that there exists no variety with intermediate growth of the codimensions between polynomial and exponential, i.e., either c n (V) is polynomially bounded or c n (V) grows exponentially.
In [12] and [13] the author determined a complete list of finite dimensional algebras generating the subvarieties of var(G) and var(UT 2 ).
By the theory of varieties developed by Kemer (see [10] ) it turns out that the superalgebras and their graded identities are the basic ingredients for the development of the theory. It turns out that if a superalgebra satisfies an ordinary identity, then its sequence of graded codimensions is exponentially bounded (see [6] ).
The problem of characterizing the graded identities of a superalgebra whose sequence of graded codimensions is polynomially bounded was studied in [5] .
For the infinite dimensional Grassmann algebra G = 1, e 1 , e 2 , . . . | e i e j = −e j e i , we write G to mean G with the trivial grading and G gr to mean G with the grading (G (0) , G (1) ) where G (0) is the span of all monomials in the e i 's of even length and G (1) is the span of all monomials in the e i 's of odd length.
Also let UT 2 denote the algebra of 2 × 2 upper triangular matrices over F with the trivial grading and let UT gr 2 denote the algebra UT 2 with grading (UT (0) 2 , UT (1) 2 ) where UT (0) 2 = F e 11 + F e 22 is the subspace of diagonal matrices and UT (1) 2 = F e 12 . Finally, let F ⊕ t F be the commutative algebra with grading (F , t F ) where t 2 = 1. By [5] Finally we remark that most of the algebras constructed here are subalgebras of upper triangular matrices of some size.
Preliminaries
Throughout the paper F will denote a field of characteristic zero and A an associative F -algebra satisfying a non-trivial polynomial identity (PI-algebra). Let F X be the free associative algebra on a countable set X = {x 1 , x 2 , . . .} and Id( A) = { f ∈ F X | f ≡ 0 in A} the T-ideal of (ordinary) polynomial identities of A. It is well known that in characteristic zero Id( A) is completely determined by its multilinear polynomials and we denote by P n = span F {x σ (1) 
the vector space of multilinear polynomials in the variables x 1 , . . . , x n . The non-negative inte-
, n 1, is called the n-th codimension of A.
Now assume that the algebra
is an associative Z 2 -graded algebra or superalgebra over F . Recall that the elements of A (0) and of A (1) are homogeneous of degree zero (or even elements) and of degree one (or odd elements), respectively. A subalgebra B ⊆ A is a graded subalgebra
The free associative algebra F X has a natural structure of superalgebra as follows: write X = Y ∪ Z , the disjoint union of two countable sets. If we denote by F (0) the subspace of F Y ∪ Z spanned by all monomials in the variables of X having even degree in the variables of Z and by F (1) the subspace spanned by all monomials of odd degree in Z , then (1) and let Id gr (A) denote the set of graded identities of A. Notice that Id
It is well known that in characteristic zero, every graded identity is equivalent to a system of multilinear graded identities. Hence if we denote by Notice that any F -algebra A can be regarded as a superalgebra with trivial grading, i.e., A = A (0) ⊕ A (1) where A = A (0) and A (1) = 0. Hence the theory of graded identities generalizes the ordinary theory of polynomial identities. The relation between ordinary codimensions and graded codimensions is given in [6] 
One of the main tool in the study of the T 2 -ideals is provided by the representation theory of the hyperoctahedral group Z 2 S n .
Recall that the group Z 2 S n acts on the space P gr n as follows: for h = (a 1 , . . . , a n ; σ ) ∈ Z 2 S n , and G are endowed with the trivial grading. Since var gr (UT 2 ) = var(UT 2 ) and var gr (G) = var(G) this is equivalent to the classification of the ordinary subvarieties of var(UT 2 ) and var(G).
In [12] and [13] such a classification was given in terms of generators of the corresponding Tideals and, moreover, a complete list of algebras generating the subvarieties of var(G) and var(UT 2 ) was exhibited.
In this section we present these results in the language of varieties of superalgebras for convenience of the reader.
We start by constructing, for any fixed k 1, associative superalgebras belonging to the variety generated by UT 2 whose graded codimension sequence grows polynomially as n k . Recall that by [15] ,
be the algebra of k × k upper triangular matrices over F and let
∈ UT k where the e ij 's are the usual matrix units. where E denotes the k × k identity matrix.
We write N k to mean N k with trivial grading.
We next state the following result characterizing the graded polynomial identities and the graded codimensions of N k (see [4] ).
The free superalgebra F Y ∪ Z has a natural involution (an antiautomorphism of order 2) called the reverse involution, denoted * , induced by requiring that y * i = y i and z Let * be the involution of UT k defined by flipping a matrix along its secondary diagonal. Suppose that A is a subalgebra of UT k , endowed with some Z 2 -grading. Then A * is also a graded subalgebra of UT k . This is easily seen by observing that if
Moreover an useful feature of the map * is that f (y 1 , . . . , y n , z 1 , . . . , z n ) is a graded identity of A if and only if f * (y 1 , . . . , y n , z 1 , . . . , z n ) is a graded identity of A * . Since we shall be dealing mostly with Z 2 -subalgebras of the algebra UT k , the above observation will be useful throughout the paper. In fact if A is such a subalgebra whose ideal of graded identities is generated by the polynomials f 1 , . . . , f t , it will follow that f * 1 , . . . , f * t generate the ideal of graded identities of A * .
Definition 3.2. For k 2, let
We write A k to mean the algebra A k with trivial grading. Hence
is endowed with trivial grading. Next we describe explicitly the graded identities of A k and A * k for any k 2.
Hence Id
Given A and B two superalgebras, we say that A is T 2 -equivalent to B and we write A ∼ T 2 B in case Id
The following theorem gives a classification of the subvarieties of the variety generated by UT 2 . 
where N is a nilpotent superalgebra and k, r, t 2.
The previous theorem allows to classify all graded codimension sequences of the superalgebras belonging to the variety generated by UT 2 (see [12] ).
Next we describe the subvarieties of the variety generated by the Grassmann algebra G. Recall that by [11] , Id
We first make a definition. Definition 3.3. For t 1, let G t denote the Grassmann algebra with 1 on a t-dimensional vector space over F , i.e.,
. . , e t | e i e j = −e j e i .
We write also G t to mean G t with trivial grading.
The following result characterizes the graded polynomial identities and the graded codimensions of G t . Its proof can be found in [4] .
The following result classifies the subvarieties of the variety generated by G.
N is a nilpotent superalgebra and k 1.
Notice that the previous theorem allows us to classify all graded codimension sequences of the superalgebras lying in the variety generated by G. 
If A is a graded subalgebra of UT k , the induced grading on A is also called elementary. Hence, since by [17] Id
Next we describe explicitly the graded identities and codimensions of N gr k , for any k 2. is an algebra with 1 we may take f proper. After reducing the polynomial f modulo the identities in Q we obtain that f is the zero polynomial if deg f k and f is a linear combination of left-normed commutators of length say s k 
We adopt the convention that y j 0 means 1 F Y ∪Z .
Theorem 4.2. If k 2, then

1) Id
). Before proving the opposite inclusion, we find a generating set of P gr n modulo P gr n ∩ Q .
Any multilinear polynomial of degree n can be written, modulo Q , as a linear combination of monomials of the type
We next show that the above elements are linearly independent modulo Id
be a linear combination of the above:
where, for a fixed 0 l k 
In order to prove the opposite inclusion it is enough to find, as in the previous theorem, a generating set of P gr n modulo P gr n ∩ Q linearly independent modulo Id gr (A).
Let f ∈ P gr n be a multilinear polynomial of degree n u + k. If u > 2 we can write f , modulo Q , as a linear combination of polynomials of the type
[z j , y n 1 , . . . , y n s ]y m 1 · · · y m r , (4) where
is a linear combination of the polynomials in (3).
We next show that the elements in (3) and (4) 
Also, for a fixed 1 s u − 2, let I = {n 1 , . . . ,n s }, L = {m 1 , . . . ,m r } and { j} be disjoint sets such that I ∪ L ∪ { j} = {1, . . . ,n} and n 1 
Let f ∈ Id gr (A) be a linear combination of the elements in (3) and (4) and write where q = max{u, k} and c ∈ Q is a non-zero constant.
Notice that Id
Minimal varieties of polynomial growth
In this section we shall prove that N Its proof is essentially given in [7, Lemma 2] by observing that the given modules are graded. Next we state some lemmas that will be needed for the classification of the proper subvarieties of UT ) * generate minimal varieties we need to state the following two results.
and [x 1 , x 2 ]x 3 · · · x k+1 ≡ 0 is an ordinary identity of A we get
Proof. By the previous lemma, A = F + J 11 + J 10 + J 00 and J 
a contradiction. Therefore we must have J
00 be such that 
where, for a fixed 0 l k
By choosing
Also, for fixed i, M, N the evaluation y i m = Next we prove some technical lemmas that will be needed for the classification of the proper subvarieties of UT gr 2 . As before J = J 00 + J 10 + J 01 + J 11 .
We start with the following. 
Lemma 6.2. Let
, where N is a nilpotent superalgebra;
Proof. Hence f ∈ Id gr (A). Now let n > t + 1.
We can write f as
where g ∈ [y 1 ,
Notice that g and N is a nilpotent superalgebra and C is a commutative superalgebra with trivial grading. Otherwise, by Notice that the previous theorem allows us to classify all codimension sequences of the superalgebras lying in the variety generated by F ⊕ t F . 
